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Abstract
The bottom pressure torque is known to vanish in the interior ocean but to play a1
dominant role in the western boundary layer in balancing the planetary vorticity on spatial2
scales larger than the Rossby radius of deformation. In this study, the appearance of3
the bottom pressure torque and thus any deviation of wind-driven flow from classical4
Sverdrup balance is locally related in steady state to non-zero bolus velocity and/or friction,5
under the assumption that horizontal density advection is small compared to the lifting6
of isopycnals. To first order approximation, the vortex stretching by the vertical bolus7
velocity is related to the bottom pressure torque. The bolus vortex stretching becomes a8
significant term in the barotropic vorticity budget of the western boundary layer and is9
formally equivalent to bottom friction as in the classical models of the wind-driven gyre10
circulation.11
1 Introduction12
Energetic boundary currents are found on the western side of the individual ocean basins as13
part of the wind-driven large-scale gyre systems. The location and strength of these western14
boundary currents can be understood by considering depth-averaged vorticity balances15
(Stommel, 1948). In the most simplified form of such balances (Stommel, 1948; Munk,16
1950), the torques related to the changes in planetary vorticity of a water parcel and the17
surface wind stress balance each other in the interior of the ocean, i.e. the interior ocean18
is in Sverdrup balance (Sverdrup, 1947), while frictional torques related to large bottom19
friction (Stommel, 1948) or lateral friction (Munk, 1950) balance the planetary vorticity20
change in the western boundary layer.21
Although these simple vorticity balances rely on rather restrictive assumptions, they22
have been very successful in explaining the most important aspects of the large-scale wind-23
driven circulation, such that they became classical concepts in physical oceanography.24
However, allowing for topographic variations in the depth-averaged (or depth-integrated)25
vorticity budgets, the so-called bottom pressure torque shows up, resembling a stretching26
term due to a geostrophically balanced bottom flow across isobaths. When the bottom flow27
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is directed along isobaths or vanishes entirely, the bottom pressure torque also vanishes in28
the depth-averaged vorticity balance. This appears to be the case for instance in the interior29
of the North Atlantic (Wunsch and Roemmich, 1985), where large topographic variations30
as the mid-oceanic ridge can be found, which only have a small signature in the depth-31
averaged flow (Willebrand et al., 2001). On the other hand, Saunders et al. (1999) and32
Hughes and de Cuevas (2001) found in a realistic high-resolution general circulation ocean33
model that the bottom pressure torque becomes large in the western boundary layer, where34
it balances to first order the planetary vorticity change, while other torques, in particular35
the frictional torques play only a minor role.36
Therefore, the classical, frictional concept of the western boundary layer has to be37
abandoned. However, although all important topographic effects in the depth-averaged38
vorticity balance can be described by the bottom pressure torque in an elegant way, it is39
not possible to obtain a similarly self-consistent simplified model as in the classical concepts40
by including also the bottom pressure torque in the depth-averaged vorticity budget. This41
is because bottom pressure is a diagnostic variable containing information about the density42
stratification, for which no similar simplified depth-averaged balance equation appears to43
be available.44
In this study, we use the BARotropic Baroclinic Interaction (BARBI) model (Olbers45
and Eden, 2003) to better understand the role and physical meaning of the bottom pressure46
torque in the western boundary layer. BARBI was designed to describe the impact of47
the (baroclinic) stratification in the depth-averaged, i.e. barotropic vorticity budget, by48
constructing a budget for the vertically integrated potential energy. Here, we identify the49
bottom pressure torque as a coupling term between the barotropic vorticity budget and50
the budget of vertically integrated potential energy and interpret the latter as the budget51
of a depth-averaged baroclinic vorticity involving a baroclinic streamfunction. As already52
suggested by Olbers et al. (2007) for the Southern Ocean, it turns out that using BARBI it53
is possible to return to first order to the simple classical concept, by identifying a diffusive54
torque related to stretching by the vertical bolus velocity as a simple reinterpretation of55
the frictional torque in the classical barotropic vorticity budget. Here, we discuss the56
consequences for the basin circulation and western boundary layers.57
The following section acts as a summary of the main findings of this study. Most of the58
detailed mathematical derivations which are used in the second section are placed in the59
appendices. As a further illustration, the results are discussed in section 3 on the basis of a60
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numerical implementation of the BARBI model and a standard primitive equation model61
for comparison. We discuss the near cancellation of the bottom pressure torque and its62
role in the western boundary in the barotropic and baroclinic vorticity budgets. The last63
section gives a summary and discussion of the results.64
2 The role of the bottom pressure torque65
2.1 The barotropic vorticity budget66
The curl of the vertically integrated and steady horizontal momentum equation will be67
called here the barotropic vorticity budget and is given by168
β∂xψ = ∇¬ · τ 0 +∇¬P · ∇h−∇¬ ·
∫ 0
−h
u · ∇u dz + fric (1)
where ψ denotes the streamfunction of the depth-averaged flow with ∇¬ψ =
∫ 0
−h u dz, where69
P denotes the pressure at the bottom at z = −h, τ 0 the surface wind stress and where70
the last term collects frictional torques related to isotropic small-scale turbulence. A more71
detailed derivation and discussion of the barotropic vorticity budget is given in Appendix72
A. The balance between the left hand side of Eq. (1), i.e. the planetary vorticity term,73
and the first term on the right hand side of Eq. (1), i.e. the wind stress curl, represents74
the classical Sverdrup balance, which is distorted by the bottom pressure torque ∇¬P · ∇h75
and the occurrence of the non-linear torque and the torque of the frictional terms in the76
barotropic vorticity balance.77
Fig. 1 shows the most important components of the time-mean budget calculated from78
a realistic high-resolution general circulation model of the North Atlantic, identical the79
one used in e.g. Eden (2007). On small spatial scales, the barotropic vorticity budget80
displays a rather noisy pattern with large and fluctuating terms. In particular the non-81
linear term is important in the budget. However, when averaging Eq. (1) over spatial82
scales representative for the length scale of meso-scale eddies, which is given by the Rossby83
radius in mid- to high latitudes (Eden, 2007), the non-linear term in the budget becomes84
much less important and the dominant balance is between planetary vorticity, wind stress85
1 We use the following notation: The vector subscript u¬ denotes a clockwise rotation of the horizontal
velocity u = (u, v) by 90o, i.e. u¬ = (−v, u). The same holds for ∇ = (∂x, ∂y) resp. ∇¬ = (−∂y, ∂x). Note
that ∇¬ · τ denotes the curl of the horizontal vector τ and ∇¬P · ∇h = J(P, h) the Jacobian of P and h.
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Figure 1: Time mean barotropic vorticity, Eq. (1) in a realistic eddy-permitting model of
the North Atlantic Ocean in 10−9m/s2. Shown are planetary vorticity minus wind stress
curl (βψx−∇ · τ ) in the left column, the bottom pressure torque (∇P · ∇h) in the middle
column and the curl of the non-linear term (−∇ · ∫ 0−h u · ∇u dz) in the right column. The
individual terms have been box averaged from the 1/12o × 1/12o cosφ (Mercator) grid (φ
denotes here latitude) of the numerical model on a regular 2o × 1.3o grid in the upper
row, on a 1o × 0.6o grid in the middle row and on a 0.5o × 0.3o grid in the lower row.
After interpolation on the individual grid, all data have been also smoothed over 3×3 grid
points.
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curl and the bottom pressure torque. As shown by Saunders et al. (1999) and Hughes and86
de Cuevas (2001), in particular in the western boundary current layer, the bottom pressure87
torque balances the planetary vorticity for spatial averages larger than 0.5o− 1o, while the88
non-linear term becomes small in the spatially averaged budget. In fact, when we look89
at the barotropic vorticity budget in a non-eddy-resolving version of the numerical model,90
the non-linear term in the vorticity budget is an order of magnitude less important than91
the other terms (not shown). This is in particular true in the western boundary layer of92
the non-eddy-resolving model version.93
We therefore follow Hughes and de Cuevas (2001) and conclude that for scales larger94
than the relevant meso-scale eddy scale, the barotropic vorticity balance is given to good95
approximation by96
β∂xψ = ∇¬ · τ 0 +∇¬P · ∇h+ fric (2)
The same result is obtained within the planetary geostrophic approximation. It should be97
noted, however, that scales of frontal structure in the western boundary layer can be of98
the same order than the meso-scale eddy scale. For those scales, the following discussion99
will not be applicable, instead we are focussing on the non-eddy-resolving, large-scale100
circulation of the ocean.101
2.2 The baroclinic vorticity budget102
Using the BARBI model concept of Olbers and Eden (2003) (which is detailed in Appendix103
A), it is demonstrated in Appendix C how to construct an approximate baroclinic vorticity104
budget given by105
β∂xφ = ∇¬ · τ 0 + β/f τ
(x) − 2∇¬P · ∇h−K/λ
2∇2φ (3)
where φ denotes the streamfunction of the baroclinic transport and where K denotes a106
lateral (isopycnal thickness) diffusivity and λ the Rossby radius. We call φ the baroclinic107
streamfunction, since it describes the geostrophic transport relative to the bottom. In order108
to derive Eq. (3), a steady state is assumed and a vertical background profile for buoyancy109
is introduced. As a consequence of small relative magnitudes of the perturbations from110
that reference buoyancy profile, it is also assumed that the effect of vertical advection of111
the background and perturbation buoyancy dominates the effect of lateral advection of112
buoyancy perturbations. The latter effect is therefore neglected in the buoyancy budget,113
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while the advective effect of meso-scale eddy mixing on buoyancy is parameterised following114
Gent and McWilliams (1990).115
As discussed in Appendix B, the last term in Eq. (3) is a torque related to the vertical116
bolus velocity. Note that the lateral diffusivity K corresponds to the isopycnal thickness117
diffusivity in the Gent and McWilliams (1990) parameterisation and that K/λ2 corre-118
sponds to the inverse of a time scale of several days. We have also neglected the effect of119
thermohaline surface forcing and diapycnal mixing, i.e. we focus on wind-driven flow only.120
Together with the barotropic, Eq. (2), and baroclinic, Eq. (3), vorticity budgets we have121
the vertically averaged momentum budget, given by Eq. (16) of Appendix A. The system122
is linear, and is similar to that studied by Salmon (1998).123
2.3 The cancellation of the bottom pressure torque124
Using the baroclinic vorticity budget Eq. (3), it becomes possible to understand the role125
of the bottom pressure torque within the above formulated limits, which is the aim of the126
present study. First, it is possible to show that for the case without friction and diffusion the127
bottom pressure vanishes: Subtracting Eq. (3) from Eq. (2) in order to eliminate the wind128
stress curl and using the vertically integrated (steady and frictionless) zonal momentum129
budget given by f∂xψ = f∂xφ+h∂xP − τ (x) (compare Eq. (16) of appendix A) one obtains130
after some manipulations131
∇¬P · ∇f/h
3 = 0 (4)
This shows that the bottom pressure P becomes constant along contours of f/h3. Together132
with a boundary condition P = 0 somewhere on each such contour, P = 0 everywhere and133
so the bottom pressure torque is zero everywhere (except for closed contours of f/h3 which134
might produce a different, more complicated situation which we do not consider here).135
Eq. (4) implies that in the case with weak diffusion and friction, the bottom pressure136
torque tends to vanish. This appears to be often the case in certain regions of the interior137
North Atlantic (Fig. 1), leaving behind the classical Sverdrup relation, as discussed by138
Wunsch and Roemmich (1985) and Willebrand et al. (2001). Note that by implication,139
we can also conclude that any deviation of wind-driven flow from the classical Sverdrup140
balance in steady state is introduced by diffusive and frictional torques, which is in turn141
in accordance to the classical theory by Stommel (1948) and Munk (1950).142
7
2.4 The similarity of barotropic and baroclinic streamfunction143
Second, we demonstrate that a vanishing bottom torque implies that the barotropic and144
baroclinic streamfunction are getting similar, i.e. φ ∼ ψ: Scaling shows that the magnitude145
of the wind stress curl, ∇¬ ·τ 0, in the baroclinic vorticity budget Eq. (3) is a factor a/L 1146
larger than the term β/fτ
(x)
0 , where a denotes the earth radius and L the scale of the spatial147
variations of the wind stress. Therefore, baroclinic and barotropic vorticity budgets become148
identical for vanishing diffusivity and viscosity to order o(L/a), with the consequence of149
similar streamfunctions ψ and φ. However, it should be noted that the neglect of β/fτ
(x)
0150
in comparison with ∇¬ · τ 0 is not really permitted near a latitude of wind stress maximum151
or minimum, i.e. we expect differences between ψ and φ at those latitudes, which, however,152
should not exceed relative order o(L/a).153
On the other hand, we have seen in Fig. 1 that in the western boundary the bottom154
pressure torque is large, pointing towards the importance of diffusion and friction in the155
western boundary layer. It is, however, still necessary that φ and ψ are similar: Using again156
the vertically integrated (steady and frictionless) momentum balance f∇ψ = ∇(fφ) +157
h∇P − τ 0 (see Eq. (16) of Appendix A) the bottom pressure torque becomes158
h∇P · ∇¬h = f∇(ψ − φ) · ∇¬h− φβ∂xh+ τ 0 · ∇¬h (5)
Scaling shows that the first term on the right hand side of Eq. (5) is a factor a/L  1159
larger than the other two, where L now denotes (the maximum of) the scale of the spatial160
variations of wind stress, streamfunction and topography. In fact, the leading order term161
in the bottom pressure torque in Eq. (5) is also a factor a/L  1 larger when compared162
in the barotropic and baroclinic vorticity budgets, Eq. (2) and Eq. (3), with the planetary163
vorticity term and the wind stress curl. Since the bottom pressure torque shows up with164
opposite sign in both budgets, Eq. (2) and Eq. (3), it is therefore hard to see how the165
pressure torque can be balanced without implying viscous and diffusive torques much166
larger (of factor a/L  1) than the planetary vorticity in both budgets. On the other167
hand, a small difference between ψ and φ (of order L/a  1 relative to the order of ψ168
and φ) can be balanced in both budgets by planetary vorticity and diffusive and viscous169
torques of similar (or smaller) magnitude. We consider the latter case as the relevant one170
for the ocean.171
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2.5 The baroclinic Stommel equation172
To zero order approximation, we can therefore assume that ψ ≈ φ both in the interior and173
the western boundary layer, and by combining Eq. (2) and Eq. (3) to eliminate the bottom174
pressure torque we arrive to first order (in L/a  1) approximation at the simplified175
barotropic (and baroclinic) vorticity budget176
β∂xψ = ∇¬ · τ 0 −Kλ
−2/3∇2ψ + fric (6)
Note that in Eq. (6) we have neglected for consistency the term βf−1τ (x)0 . The factor177
Kλ−2/3 represents the inverse of a time scale on the order of days and the related term in178
Eq. (6) acts similar to bottom friction. Eq. (6) is thus formally similar to the barotropic179
vorticity budget by Stommel (1948) for a flat bottom, who introduced large bottom fric-180
tion to balance the return flow in the western boundary layer. In Eq. (2), however, the181
return flow is balanced by the bottom pressure torque (and also by frictional torques).182
By comparing with Eq. (6), we see that the bottom pressure torque was replaced to first183
order approximation by the diffusive torque in the baroclinic vorticity budget. Somehow184
surprisingly, we have rediscovered Stommel’s original vorticity budget with a physically185
rather different motivation. Eq. (6) was called the “baroclinic Stommel equation” by Ol-186
bers et al. (2007)2. Note that we have interpreted the diffusive torque in the baroclinic187
Stommel equation Eq. (6) as the torque related to the vertical bolus velocity.188
3 Results and interpretation189
3.1 Idealised numerical model190
The theoretical results found in the previous section are illustrated using idealised numeri-191
cal models, i.e. a numerical implementation of the BARBI model (Olbers and Eden, 2003)192
and a standard primitive equations model in identical configuration. The BARBI model193
which is solved numerically is given by194
∂tE + hU · ∇Eh−2 = N20/6U · ∇h2 +N20/2∇ · u′ +K∇2E (7)
∂tU + fU¬ = −h∇P −∇E + τ 0 + Ah∇
2U (8)
∂tu
′ + fu′¬ = h
2/3 (∇E − τ 0 − Ah∇2U) + Ah∇2u′ (9)
2 In Olbers et al. (2007) a factor 1/2 is missing in the diffusive torque of the baroclinic Stommel
equation, i.e. the third term on the left hand side of Eq. (17) of Olbers et al. (2007).
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Figure 2: a) Zonal component of surface wind stress, τ
(x)
0 , in N/m
2 as a function of latitude
which is used in the idealised experiments with BARBI and the primitive equation model.
b) Ocean bottom depth in m as a function of longitude for α = 0.2, α = 0.5 and α = 0.8
in Eq. (10).
while the other model is based on the standard primitive equations (PE). Note that the195
meaning of all variables in the BARBI model are discussed in Appendix A; here, we just196
note that it resembles a two mode system, i.e. the model contains a barotropic mode,197
given by the depth-averaged velocity U , and a single baroclinic vertical mode, given by198
the vertical density moment E and baroclinic velocity moment u′. Note also that the199
budget for the vertical density moment E in the numerical BARBI model,200
given by Eq. (7), includes the effect of horizontal advection by the barotropic201
flow which was neglected in the foregoing theoretical consideration in section 2,202
while advection by the horizontal part of the baroclinic flow remains neglected.203
We solve both sets of equations (BARBI and PE) in a sector domain ranging 32o204
in longitude and from 20oN to 52oN resembling a mid-latitude ocean basin. This ocean205
is driven by a classical, cosine-shaped, eastward wind stress τ 0 = 0.2N/m
2 (cos(2pi(φ −206
20o)/32o), 0). The zonal component of τ0 is shown in Fig. 2 a). There is a strong background207
stratification, represented by a constant stability frequency N0 = 2× 10−3s−1; meso-scale208
density mixing is parameterised following Gent and McWilliams (1990) with thickness209
diffusivity of K = 5000m2/s and numerical dissipation is given by harmonic lateral friction210
with viscosity Ah = 5000m
2/s and no-slip boundary conditions. The ocean depth211
h(x) = 5000m [1− α exp(−(x− 16o)2/(5o)2] [1− α exp(−(x+ 1o)2/(5o)2] (10)
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Figure 3: Streamfunction ψ in Sv in steady state in a simulation of the BARBI model
with N = 0 s−1 (left), a simulation with a flat bottom (middle), and the standard model
simulation with topographic variations and stratification. Also shown are isobaths (lines).
features an idealized north/south mid-ocean ridge in the middle of the domain and an212
idealized continental shelf at the western boundary, i.e. a reasonable situation for an ocean213
basin and resembling the North Atlantic Ocean. The size of the topographic variations,214
shown in Fig. 2 b), are varied from α = 0.2 to α = 0.8 but is set to α = 0.5 if not otherwise215
noted. Horizontal resolution is 0.5o×0.5o and the time step is 0.5h. The numerical code of216
the BARBI model can be accessed at http://www.ifm-geomar.de/∼barbi and the primitive217
equations code at http://www.ifm-geomar.de/∼spflame. The latter was configured as close218
as possible to the BARBI model. The primitive equation model contains 50 vertical levels219
with 100 m thickness and the topographic variations are discretised on this vertical grid.220
Horizontal resolution, boundary and initial conditions, viscous and diffusive parameters221
are set as in the BARBI model.222
The numerical BARBI model features the familiar near cancellation of the impact of223
the topographic variations by the stratification on the barotropic flow as discussed first224
by Holland (1973). Fig. 3 shows three different model solutions in steady state, i.e. one225
without stratification, i.e. setting N0 = 0 s
−1 (Fig. 3 a), a solution without topographic226
variations, i.e. setting h = 2000m (Fig. 3 b) and a solution including stratification and227
topographic variations. In the simulation without stratification only a weak barotropic228
flow develops which apparently shows a strong impact of the topographic variations on the229
flow. Switching on the stratification, the barotropic circulation gets stronger and the flow230
gets close to the circulation in the simulation with flat bottom. This cancellation of the231
topographic variations will be discussed in detail in the next section.232
When comparing to the primitive equation model, Fig. 4, it becomes obvious that the233
BARBI model is in this configuration indeed a very good approximation to the primitive234
equation model in terms of streamfunction ψ and vertical density moment E (or baroclinic235
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Figure 4: Streamfunction ψ in Sv (upper row) and first vertical density moment E in m3/s2
(lower row) in BARBI (left column) and a primitive equations model (right column) in a
setup as close as possible to the BARBI model.
streamfunction φ). The same holds for the bottom pressure torque, and also for the other236
terms in the barotropic and the baroclinic vorticity budgets, which we have diagnosed237
in the primitive equations model for comparison with the BARBI model (not shown).238
In particular the form of the diffusive torque related to the vertical bolus velocity in the239
baroclinic vorticity budget (where we have neglected topographic variations and horizontal240
advection as discussed in Appendix B) matches well the effect of the diagnosed (complete)241
bolus velocity in the primitive equation model.242
There are, however, slight differences over the mid-ocean ridge and near the western243
boundary visible in Fig. 4. This is due to the truncation in BARBI, which contains only the244
first vertical density moment. Using two vertical moments the solution is getting closer245
to the primitive equation model (not shown) as discussed by Olbers and Eden (2003).246
However, note that it is impractical to use more than the first couple of vertical modes in247
BARBI, because of the slow convergence of the basis functions zn for large n.248
3.2 Numerical model results249
It was argued above that scaling of the components of the bottom pressure torque in250
the barotropic and baroclinic vorticity budget implies a strong similarity between φ and251
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Figure 5: Components of the bottom pressure torque in the BARBI model, i.e. fh−1∇ψ·∇h
(a in 109m2/s2) and fh−1∇(ψ− φ) · ∇h (b in 109m2/s2) and βh−1φ∂xh (c in 109,m2/s2).
Note the different color scale in a).
ψ, which is in fact featured by the numerical example. Fig. 5 shows the components of252
the bottom pressure torque as given by Eq. (5). The figure shows the simulation with253
BARBI but note that the primitive equations model is very similar (not shown). The254
terms fh−1∇ψ · ∇¬h (shown in Fig. 5 a) and fh
−1∇φ · ∇¬h (not shown) are indeed very255
similar and their difference (shown in Fig. 5 b) one order of magnitude smaller than the256
individual terms. The remaining term, βh−1φ∂xh (shown in Fig. 5 c), is of similar mag-257
nitude to the difference of the former two terms (note that τ 0 · ∇¬h = 0 in the idealised258
configuration). As expected from the theoretical discussion in the previous section, we find259
that the barotropic and baroclinic streamfunctions become similar such that the bottom260
pressure torque becomes of similar magnitude as the other terms in the baroclinic and261
barotropic vorticity budgets.262
However, although reduced in magnitude by the similarity of ψ and φ, the bottom pres-263
sure torque still plays a dominant role in the barotropic and baroclinic vorticity budgets.264
Fig. 6 (upper row) shows the individual terms of Eq. (2) in the numerical BARBI model265
(the primitive equation model is very similar, not shown) as cumulative zonal integrals266
which are also divided by β, such that all terms add up to form the barotropic stream-267
function (left hand side of Eq. (2)). In the interior, the most important contribution to268
the transport is given by the wind stress curl, i.e. the flow is more or less in Sverdrup269
balance. The contribution of the bottom pressure term becomes larger over the mid-ocean270
ridge and in particular important near the western boundary. Here, it largely contributes271
to the compensating transports of the interior flow, while the frictional torques are only272
important in a thin boundary layer. Note that more than half of the return flow in the273
western boundary layer is made by the bottom pressure torque.274
Fig. 6 (lower row) shows the corresponding cumulative zonal integrals of the baroclinic275
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Figure 6: Cumulative zonal integrals of the components of the barotropic vorticity budget
Eq. (2) (upper row) and baroclinic vorticity budget Eq. (3) (lower row). All zonal integrals
are divided by β and shown in Sv. Upper row: barotropic streamfunction ψ (a), transport
related to wind stress curl β−1
∫
dx∇ · τ 0 (b), bottom pressure torque −β−1 ∫ dx∇P · ∇h
(c) and frictional torque β−1
∫
dxfric (d). Lower row: baroclinic streamfunction φ (e),
baroclinic transport related to wind stress curl β−1
∫
dx(∇ · τ 0 + βf−1τ (x)0 ) (f), bottom
pressure torque 2β−1
∫
dx∇P · ∇h (g) and meso-scale eddy mixing −β−1 ∫ dxKλ−2∇2φ
(h). Also shown are contours of the inverse Rossby radius 1/λ in a) and e).
vorticity budget Eq. (3) in the numerical BARBI model (the primitive equation model is276
very similar, not shown). As expected, the planetary vorticity, βφx, and the wind stress277
forcing, ∇¬ · τ 0 + β/fτ
(x)
0 are very similar to the corresponding terms in the barotropic278
vorticity budget Eq. (2), while the diffusive torques, K/λ2∇2φ, and the bottom pressure279
torque, 2∇¬P · ∇h, are balancing each other to zero order.280
By varying the value of K relative to the value of Ah we can change the relative impor-281
tance of the frictional torque and the bottom pressure torque in the barotropic vorticity282
budget for the western boundary return flow. Fig. 7 shows the barotropic streamfunction283
ψ, the cumulative integrals of bottom pressure torque and the frictional torque in a simu-284
lation of the BARBI model using K = 1000m2/s and K = 15000m2/s. In the simulation285
with the small (large) K, the barotropic streamfunction gets larger (smaller), the bottom286
pressure torque smaller (larger) and the bottom pressure torque contributes relatively less287
(more) to the return flow in the western boundary layer than the frictional torque. In288
the individual cases, however, barotropic and baroclinic streamfunctions continue to be289
very similar, which holds in particular also for the zero order balance between the torques290
related to vertical bolus velocity and bottom pressure in the baroclinic vorticity budget.291
Note also that the western boundary layer width of ψ and φ becomes larger for in-292
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Figure 7: Cumulative zonal integrals of the components of the barotropic vorticity budget
Eq. (2) for a simulation of the BARBI model with K = 1000m2/s (upper row) and a
simulation with K = 15000m2/s (lower row). All zonal integrals are divided by β and
shown in Sv: Barotropic streamfunction ψ (a,d), transport related to the bottom pressure
torque −β−1 ∫ dx∇P · ∇h (b,e) and frictional torque β−1 ∫ dxfric (c,f). Also shown are
contours of the inverse Rossby radius 1/λ in a) and d).
creasing values of K. This is related to the similarity of the bolus torque with the effect293
of bottom friction: Increasing the value of K becomes is equivalent to increasing the bot-294
tom friction coefficient, which is in turn proportional to the boundary layer width in the295
classical model of Stommel (1948). However, we do not see a linear relationship between296
boundary layer width and K as suggested by the classical model, which means that lateral297
friction in the barotropic vorticity budget is also important in the experiments with the298
BARBI model.299
A similar impact on the magnitude of the bottom pressure torque and its relative300
importance compared to friction is given by the height of the topographic variations. Fig. 8301
shows the components of the barotropic vorticity budget in a simulation with smaller and302
larger topographic obstacles, by setting α = 0.2 and α = 0.8 in Eq. (10) respectively303
instead of α = 0.5 as before. As expected, when increasing (reducing) the variations in h304
the magnitude of the bottom pressure torque becomes larger (smaller) and the frictional305
torques less (more) important.306
In the numerical experiments, we found that finite lateral friction is necessary to obtain307
a stable integration at horizontal resolution of the experiments shown here. Only by308
increasing the horizontal resolution it was possible to reduce the lateral viscosity further309
(not shown), such that the diffusive torques are able to balance more and more of the310
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Figure 8: Cumulative zonal integrals of the components of the barotropic vorticity budget
Eq. (2) for a simulation of the BARBI model with different topographic variations, i.e.
with α = 0.2 (upper row) and a simulation with α = 0.8 (lower row). All zonal integrals
are divided by β and shown in Sv: Barotropic streamfunction ψ (a,d), transport related
to the bottom pressure torque −β−1 ∫ dx∇P · ∇h (b,e) and frictional torque β−1 ∫ dxfric
(c,f). Also shown are contours of the inverse Rossby radius 1/λ in a) and d).
western boundary flow. Extrapolating the numerical experiments, it appears therefore311
possible to balance the western boundary flow entirely by the effect of density mixing,312
without the need of invoking frictional torques. However, mechanical dissipation is still313
needed in the energy budget to balance the wind work as discussed in Appendix B.314
4 Summary and discussion315
In the barotropic vorticity balance relevant for spatial scales larger than meso-scale eddies,316
Eq. (2), the bottom pressure torque tends to vanish in the interior ocean Wunsch and317
Roemmich (1985); Willebrand et al. (2001). In consequence, the classical Sverdrup balance318
between wind stress curl and planetary vorticity change holds in those regions. On the319
other hand, the bottom pressure torque plays a dominant role in the western boundary320
layer in determining the barotropic volume transport (Saunders et al., 1999; Hughes and321
de Cuevas, 2001). It was the aim of this study to better understand the role of the bottom322
pressure torque and to relate it to simple physical mechanisms.323
Using the BARBI model of Olbers and Eden (2003), we have formulated a baroclinic324
vorticity budget, Eq. (3), which determines the baroclinic volume transport (relative to325
the bottom), and which looks very similar to its barotropic counterpart, but in which the326
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bottom pressure torque shows up with opposite sign. This baroclinic vorticity budget is327
valid in steady state and for situations in which the horizontal advection of perturbation328
density is small compared compared to vertical lifting of perturbation and background329
density. Combining the baroclinic with the barotropic vorticity budget it is possible to330
show that for vanishing friction and diffusion, the bottom pressure torque cancels such that331
the classical Sverdrup balance holds. In consequence, we are able to conclude that any332
deviation from the Sverdrup balance is related to effects of density diffusion and friction,333
in accordance to the classical theory by Stommel (1948) and Munk (1950).334
For the case without diffusion and friction and vanishing bottom pressure torque, we335
found that barotropic and baroclinic streamfunction become identical to first order approx-336
imation. This similarity also extents to the case with finite bottom pressure torque, since337
for a large difference between the streamfunctions, the bottom pressure torque would be an338
order of magnitude larger than the planetary vorticity change and could only be balanced339
by unrealistically large frictional or diffusive torques. Using the similarity between both340
streamfunctions, it is possible to eliminate the bottom pressure torque from both vortic-341
ity budgets, which then contains only torques related to wind stress forcing, friction and342
density diffusion. The latter acts similar to bottom friction in the classical Stommel model343
(Stommel, 1948) of the wind driven circulation.344
We have therefore rediscovered the classical Stommel model with, however, a different345
physical meaning of the frictional torque. Using the BARBI model, we associate to first346
order approximation the vortex stretching by the vertical bolus velocity of the Gent and347
McWilliams (1990) parameterisation with the bottom pressure torque. This vortex stretch-348
ing becomes a significant term in the barotropic vorticity budget of the western boundary349
layer and formally equivalent to bottom friction as in the simple model by Stommel (1948).350
It is able to balance a large part of the return flow in the western boundary layer, but it351
is not related to friction as in Stommel’s original model but rather is related to advective352
stirring of density.353
The relation between vertical bolus velocity and bottom pressure torque can also be354
considered using the Residual Mean Theory of Andrews et al. (1987). The density budget355
becomes in this formulation356
ρt + u
∗ · ∇ρ+ w∗∂zρ = 0 (11)
with the horizontal, u∗ = u + ub, and vertical w∗ = w + wb residual velocity and the357
horizontal ub = ∂zB¬ and vertical wb = ∇¬ ·B bolus velocity. If one neglects the effect of the358
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b)a)
Figure 9: fw|z=−h (a) and fw∗|z=−h (b) in 10−9m/s2 in the primitive equation model,
where w denotes the Eulerian mean vertical velocity and w∗ the vertical eddy advection
(bolus) velocity.
horizontal advection, as we have done in the derivation of the baroclinic vorticity budget,359
it becomes clear in w∗ = w +wb = 0 for steady state. At the bottom, the (geostrophically360
balanced) Eulerian vertical velocity is related to the bottom pressure torque, fw|z=−h =361
∇P · ∇¬h, and so the vertical bolus velocity, fwb|z=−h = −∇P · ∇¬h. It becomes obvious,362
how a non-vanishing vertical bolus velocity at the bottom, is related to a non-vanishing363
bottom pressure torque. Fig. 9 shows the bottom pressure torque related to the Eulerian364
mean vertical bottom velocity, fw|z=−h and to the vertical bolus velocity at the bottom365
fwb|z=−h in the primitive equation model. Both cancel indeed to a large extent.366
We have shown above how the vertical bolus velocity at the bottom translates to a367
torque in the baroclinic and barotropic vorticity budget, which is then formally identical368
to bottom friction as in the original model by Stommel (1948).369
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Appendix A: The BARBI model374
The BARBI model is based on the relevant equations of motion for the oceanic circula-375
tion on scales much larger than the Rossby radius, given by the planetary geostrophic376
approximation. They are repeated here for completeness377
∂tu+ fu¬ = −∇p+ ∂zτ + F (12)
∂zp = −gρ (13)
∇ · u+ ∂zw = 0 (14)
∂tρ+ u · ∇ρ+ w∂zρ = Q (15)
The notation is standard, i.e u denotes horizontal velocity, w vertical velocity, p pressure,378
ρ density and the vector subscript u¬ a rotation of the horizontal velocity u = (u, v) by379
90o, i.e. u¬ = (−v, u). For simplification, the mean balances of heat and salt are combined380
into a thermohaline balance for density, with a density source term Q related to turbulent381
meso-scale mixing and stirring, diapycnal turbulent micro-scale processes and effects from382
compressibility and the non-linear equation of state. The horizontal momentum equation383
is also supplemented with vertical turbulent friction given by the vertical stress vector384
τ and the lateral friction F . The vertical stress tensor represents effects of micro-scale385
turbulence while F the effect of meso-scale eddies on the horizontal momentum. Deviating386
from the planetary geostrophic approximation, we also retained the local time derivative387
of the horizontal momentum, i.e. we allow for gravity waves and short Rossby waves in388
addition to long Rossby waves. Note that the rigid-lid boundary condition is employed389
here.390
Vertical integration of the horizontal momentum equation Eq. (12) leads to391
∂tU + fU¬ = −h∇P −∇E + τ 0 − τ b +
∫ 0
−h
F dz (16)
with the horizontal transport vector U =
∫ 0
−h udz, the wind stress τ 0 and the stress τ b at392
the bottom of the ocean at z = −h. Note that the bottom depth h is allowed to vary. By393
partial integration and use of the hydrostatic relation Eq. (13), the vertically integrated394
pressure gradient splits into two terms, related to the vertically integrated potential energy,395
E = g
∫ 0
−h zρdz, and the bottom pressure, P = p|z=−h. The latter can be eliminated from396
the momentum equation Eq. (17) by dividing by h and taking the curl397
∇ · h−1∇∂tψ +∇¬ψ · ∇fh
−1 = ∇h−1 · ∇¬E +∇¬ · h
−1 (τ 0 − τ b) +∇¬ · h
−1
∫ 0
−h
F dz (17)
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with the barotropic streamfunction ψ, defined by the relation ∇¬ψ = U . Note that the398
vector subscript at the gradient operator ∇ = (∂x, ∂y) denotes again rotation by 90o, i.e.399
∇¬ = (−∂y, ∂x). The first term on the right hand side of Eq. (17) is related to the combined400
effect of topographic variations and stratification and is often called the “JEBAR” (Joint401
Effect of Baroclinicity and Relief) term as introduced by Sarkisyan and Ivanov (1971).402
Knowledge of E would allow the computation of the streamfunction ψ from Eq. (17), i.e.403
would allow to close the model (with additional closures for τ b and F ). This is the basic404
idea of BARBI and the starting point for its formulation.405
Note that an alternative formulation of the barotropic vorticity budget is obtained by406
taking the curl of Eq. (17) directly (i.e. without devision by h), which yields Eq. (1).407
Note also that in the latter form the bottom pressure P shows up while in the formulation408
Eq. (17), the potential energy E shows up.409
As discussed in detail by Olbers and Eden (2003), using the density budget Eq. (15) it is410
possible to derive a tendency equation for the vertical density moments3 En = g
∫ 0
−h z
n ρ′ dz411
with n = 1, 2, . . . n given by412
∂tEn + h
nU · ∇Enh−(n+1) + (−1)nN
2
0h
n
n+ 2
U · ∇h− N
2
0
n+ 1
∇ · u′n+1 =
∫ 0
−h
znQdz (18)
To derive Eq. (18) the density ρ in Eq. (15) was decomposed into a background state and413
perturbation ρ′, similar as in quasi-geostrophic theory. The background state was chosen for414
simplicity as linear with depth represented by the constant stability frequency N0 (although415
arbitrary functions of depth are possible in a refined BARBI model version). In Eq. (18),416
the effect of the advection of the density perturbation by the baroclinic flow, u′ = u−U/h,417
has been neglected. This effect was shown to be small as long as perturbations in density418
remain small compared to the background density. All other advective effects in Eq. (18)419
are exact, in particular the lifting of the background density by the baroclinic flow is420
represented in Eq. (18) by the divergence of the baroclinic velocity moments u′n+1 =421 ∫ 0
−h z
n+1u′dz, for which the following budget can be derived exactly422
∂tu
′
n+1 + fu
′
¬n+1 = −
1
n+ 2
[
(−1)nhn+1(∇E1 − τ 0 + τ b) +∇En+2
]
+
∫ 0
−h
zn+1F ′dz (19)
with F ′ = ∂zτ + F − 1/h ∫ 0−h F dz. By the occurrence of the term En+2 in Eq. (19) it423
becomes obvious that the BARBI model is given by a coupled infinite hierarchy of density424
3 Note that the definition of E using the perturbation density ρ′ instead of full density ρ as above does
not affect the momentum equation Eq. (17) or the barotropic vorticity budget Eq. (17).
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and baroclinic velocity moments. A closure of this hierarchy was proposed in Olbers and425
Eden (2003) based on the consideration of wave properties. For the simplest closure,426
Eq. (19) becomes427
∂tu
′
2 + fu
′
2¬ = h
2/3 (∇E − τ 0 + τ b) +
∫ 0
−h
z2F ′dz (20)
This model consists of the barotropic momentum U , the vertically integrated potential428
energy E1 and the second baroclinic velocity moment u
′
2. For simplicity, we will drop the429
subscripts at E1 and u
′
2 in the following.430
Appendix B: Diffusive and viscous closures in BARBI431
The closures for the sub-grid effects represented by Q, F , τ and τ b in the BARBI model432
have to be specified with care since they become important for the western boundary layers.433
The turbulent density mixing Q in Eq. (18) can be split into diapycnal mixing effect and434
an advective effect by meso-scale eddies. We assume that the former is small compared435
to the latter such that we neglect it. We also neglect any effects from the non-linear436
equation of state and compressibility effects of the perturbation density. For the advective437
effect of meso-scale eddy mixing on density, we employ the Gent and McWilliams (1990)438
parameterization in which the eddy advection (bolus) velocity is given by a streamfunction439
B, parameterized as440
B = Ks¬ , vb = ∂zB¬ , wb = ∇¬ ·B (21)
where K is equivalent to the thickness diffusivity of the Gent and McWilliams (1990)441
parameterization, where s = −∇ρ/∂zρ denotes the vector of the isopycnal slopes, and442
where vb and wb denote the horizontal and vertical components of the bolus velocity443
respectively. The barotropic part of the bolus velocity vanishes because of the boundary444
conditions B = 0 at top and bottom. In agreement to the treatment in Eq. (18), we care445
about the lifting of the background stratification by the baroclinic vertical bolus velocity446
only, i.e. we assume that447 ∫ 0
−h
zQdz ≈ −
∫ 0
−h
zN2∇¬ ·B dz ≈ g
∫ 0
−h
∇ ·K∇zρ dz ≈ K∇2E (22)
For simplicity, a flat bottom4, constant K and ρz ≈ −N2/g was assumed in Eq. (22). It448
turns out that the dominant effect of advective meso-scale eddy density mixing on vertically449
4Or, equivalently, vanishing diffusivity K at top and bottom.
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integrated potential energy E is given by diffusion of E with a diffusivity identical to the450
thickness diffusivity of the Gent and McWilliams (1990) parameterization. Note that in451
an integral over a closed domain no sink term due to the meso-scale eddy density mixing452
shows up in Eq. (18) by specifying vanishing gradients of E normal to the boundaries.453
However, on the other hand, we know that the net effect of the parameterisation is given454
by a conversion of mean (available) potential energy to eddy energy (Gent et al., 1995),455
i.e. it is possible to show that456 ∫
V
z[∇ · (vbρ) + (wbρ)z]dV ≈ −
∫
A
(∇K∇E −
∫ 0
−h
Ks2N2)dA =
∫
V
Ks2N2dV (23)
where V (A) denotes a closed volume (area) and where again a flat bottom was assumed.457
The term on the right hand side of Eq. (23) is sign definite and a sink for E, resembling458
the conversion of mean potential energy to eddy energy, mimicking the effect of baroclinic459
instability. In Olbers et al. (2007) it was proposed to parameterise this exchange with460
eddy energy as linear damping of E. However, it turns out that this exchange term is461
locally much less important than the diffusive term related to the lifting of the background462
stratification by the vertical bolus velocity, such that we will simply neglect the exchange463
term here. Note that this neglection is consistent with the neglection of the effect of464
advection of perturbation density by the baroclinic flow in BARBI, resembling a second465
order term when density perturbations remain small compared to the background.466
For the frictional closures it is less clear how to proceed. We assume that vertical467
friction in the interior can be neglected, except for the surface where the vertical turbulent468
stress vector τ connects to the surface wind stress τ 0. We also neglect the bottom stress469
τ b, because we will see below that in many cases the deep flow over the bottom topography470
will vanish, such that the bottom stress would also vanish in that case. On the other hand,471
the model needs some kind of dissipation of kinetic energy which becomes clear considering472
the energy cycle in BARBI. The barotropic kinetic energy is given by Kb = U
2/(2h) and473
by using Eq. (18) and Eq. (16) the global domain integrals of Kb and E can be derived as474
∂t
∫
dx2Kb = −
∫
dx2Eh−2U · ∇h+
∫
dx2 h−1U · τ 0 +
∫
dx2 h−1U ·
∫ 0
−h
F dz
∂t
∫
dx2E =
∫
dx2Eh−2U · ∇h (24)
Exchange between E and Kb is given by barotropic density advection over topography,475
dissipation is due to friction and energy is supplied by the wind work. Note that baroclinic476
kinetic energy is not considered here, since it can be shown that it does not exchange477
22
energy with E as long as the effect of advection of perturbation density by the baroclinic478
flow is set to zero in the budget for E. This effect was assumed and shown to be locally479
neglectable in BARBI as long as the perturbation density remains small compared to the480
background density. Note also that there is no energy exchange with eddy energy, since we481
have neglected the dissipation effect by the Gent and McWilliams (1990) parameterisation482
of E in Eq. (23).483
It becomes clear that in the balance of total mechanical energy in BARBI, Kb + E,484
a steady state can only be established when the wind work is balanced by some kind of485
mechanical dissipation. We implement in BARBI harmonic lateral friction in combination486
with a no-slip boundary condition, i.e. F = Ah∇2u and approximate487 ∫ 0
−h
F dz ≈ Ah∇2U and
∫ 0
−h
z2F ′dz ≈ Ah (∇2u′ − h2/3∇2U ) (25)
where we have again neglected the spatial dependency of h for simplicity. However, it488
should be noted that harmonic lateral friction is problematic, since it is well known that489
mean momentum is not mixing down mean momentum gradients in turbulent geophysical490
flow (Starr, 1968). In contrast, mixing of potential vorticity should be implemented (Mar-491
shall, 1984), but it remains unclear at the moment how this could be done in a consistent492
way. On the other hand, the formulation using harmonic friction is convenient for numeri-493
cal reasons since it provides a sink for grid noise such that we follow common practise and494
use it here as well.495
Appendix C: Baroclinic vorticity budget496
To discuss the cancellation of the effect of topographic variations and the corresponding497
similarity between ψ and E we need to further simplify the BARBI model by filtering498
gravity and short Rossby waves. By neglecting the time derivative and friction for u′ it is499
possible to combine the budgets for E and u′, i.e.500
∂tE +N
2
0/6 (∇¬E · ∇h
2f−1 −∇¬ψ · ∇h
2) = −N20/6∇¬ · h
2f−1τ 0 +K∇2E (26)
By this truncation, the BARBI model contains only long baroclinic Rossby waves and501
barotropic Rossby waves, while baroclinic gravity and short baroclinic Rossby waves are502
filtered, consistent with the planetary geostrophic approximation. Note that this approxi-503
mation becomes invalid near the equator but for the present purpose it will turn out to be504
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convenient. Note that we have also neglected the barotropic advection of E since it was505
shown to be small in Olbers and Eden (2003), which we can confirm in our experiments506
here as well (not shown). We also rewrite now the barotropic vorticity budget Eq. (17) as507
β∂xψ = ∇¬ · τ 0 + fric− h
−1(f∇ψ −∇E + τ 0) · ∇¬h (27)
Note that we have neglected the time derivative of ψ which filters also short barotropic508
Rossby waves and that fric denotes the torque related to effects of the harmonic lateral509
friction. The last term in the barotropic vorticity budget collects all torques given by510
the topographic variations and is often called the bottom pressure torque, since from the511
barotropic momentum budget we find512
h∇P = f∇ψ −∇E + τ 0 (28)
(note that P denotes here in fact the bottom pressure in the steady and frictionless system).513
By rewriting Eq. (26) we can identify the bottom pressure torque also in the budget of the514
vertical density moment515
− λ−2∂tφ+ β∂xφ = ∇¬ · τ 0 + βf
−1τ (x)0 + 2∇P · ∇¬h−Kλ
−2∇2φ (29)
with the (squared) internal Rossby radius of the BARBI model λ2 = N
2h2
6f2
and the definition516
E/f = φ. Since φ is related to the geostrophic transport relative to the bottom5, we will517
call φ the baroclinic transport streamfunction and Eq. (29) the baroclinic vorticity budget.518
Note that in the last term of Eq. (29), we have ignored the latitudinal dependency of the519
Coriolis parameter.520
It becomes obvious that the bottom pressure torque is the coupling between the baro-521
tropic and baroclinic vorticity budgets. This coupling becomes only active for sloping522
topography. Note that the bottom pressure torque in the baroclinic vorticity equation can523
5 From the depth-integrated momentum balance, Eq. (16), we see that the total geostrophic trans-
port U (g) is given by fU¬
(g) = h∇P + ∇E. Since the geostrophic bottom velocity u(g)|−h is given by
fu¬
(g)|−h = −∇p|−h = −∇P +gρ′|−h∇h, the geostrophic transport relative to the bottom, which we name
the baroclinic transport, becomes
f(U¬
(g) − hu¬
(g)|−h) = −∇E − gρ′|−h∇h
Besides a small contribution by the perturbation density at the bottom, ρ′|−h, in case of topographic
variations, the baroclinic transport is therefore given by the streamfunction φ = E/f . Note that the
bottom pressure torque ∇P · ∇¬h is apparently given by the geostrophic bottom flow directed across
isobaths.
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be traced back to the effect of the lifting of the background density by the barotropic and524
baroclinic flow in the budget of the perturbation density. Correspondingly, this lifting plays525
the role of a vorticity change due to stretching in the barotropic and baroclinic vorticity526
budgets. Note that the bottom pressure term shows up with opposite sign in Eq. (27) and527
Eq. (29) relative to the wind stress curl and the planetary vorticity.528
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